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Finite-time thermodynamic transformations generally dissipate energy, as required by
the second law, so identifying and investigating energetically optimal processes remain
relevant for understanding and designing efficient thermal devices. In this context, we
present here a systematic experimental benchmark of the finite-time minimum-work com-
pression protocol derived by Schmiedl and Seifert for an overdamped Brownian particle
in a harmonic trap. By parametrically controlling the trap stiffness, we compare the full
work statistics of the analytical optimal protocol with those obtained under linear driving
across a broad range of protocol durations and amplitudes. We find that the optimal
protocol consistently reduces both the mean work and the work variance relative to linear
driving. Although the Schmiedl-Seifert protocol was primarily derived to minimize the
mean work, our data show, in the present setting, a clear reduction in fluctuations and
high-work tails under realistic bandwidth-limited actuation. This observation connects our
benchmark to the growing interest in higher-order cumulants and to current developments
in stochastic-thermodynamic control.

DOI: 10.1103/2tp5-1qx4

I. INTRODUCTION

In classical thermodynamics, the work necessary to perform a process between two equilibrium
states of a system in contact with a thermal reservoir is lower bounded by the Helmholtz free-energy
difference AF [1]. This lower bound represents the reversible limit of the transformation and
is attained only in quasistatic isothermal processes, for which the duration of the transformation
diverges. However, in realistic scenarios, thermodynamic tasks must be performed in finite time,
which leads to irreversibility and excess dissipation. This limitation is particularly evident in the
well-known trade-off between power and efficiency in finite-time heat engines [2—7]. Interestingly,
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within the framework of stochastic thermodynamics [8—10], this bound remains valid for micro-
scopic systems driven out of equilibrium when considering the average work over an ensemble of
trajectories [11].

From this perspective, establishing control strategies that minimize dissipation during finite-time
transformations is, therefore, of practical relevance and constitutes one of the central goals of
optimal control in thermodynamics [12,13]. Identifying such optimal protocols is crucial for the
design of highly efficient finite-time heat engines [14,15] and for improving the accuracy and
efficiency of free-energy estimation methods [16,17]. That said, in small systems, it is rarely enough
to discuss the mean cost alone, as fluctuations can be just as consequential.

Most of the optimal-control literature targets the average work or the entropy production [12,13].
The full spread of work values is nevertheless not just a secondary detail, since large fluctuations
are precisely what make nonequilibrium free-energy estimates hard to converge. In the slow, near-
equilibrium regime, fluctuations can be tied to dissipation through the Gaussian-cumulant limit of
Jarzynski’s equality [11], yielding (Wyiss) = (W) — AF = ﬂogv/z, that is, a mean dissipated work
directly proportional to the work variance. However, in more general cases outside this Gaussian
limit, higher-order cumulants can no longer be neglected, and protocols that minimize mean work
do not necessarily minimize work variance; they may even differ qualitatively at intermediate-to-fast
driving speeds [13,18].

Although finding analytic solutions for optimal protocols can be challenging in the general
case, requiring involved mathematical and numerical tools [12,13], solutions can be obtained for
particular systems [19-22] and limiting situations, such as the fast-protocol limit [23] and weak
processes in the linear response regime [24-29]. In this respect, methods for finite-time isothermal
transitions, also known as shortcuts to isothermality, have been proposed [30-32] and analyzed
experimentally [33-36].

Building on these advances, Brownian particles confined in optical potentials constitute a
paradigmatic platform for studies in stochastic thermodynamics. The high degree of control over
optical forces allows one to precisely tailor the potential landscape experienced by the particle,
enabling the implementation of well-defined thermodynamic protocols at the microscopic scale.
This level of control has made optical tweezers a powerful and widely used experimental tool for
investigating nonequilibrium thermodynamic processes [37,38].

In 2007, Schmied] and Seifert [19] theoretically derived an analytical optimal protocol for
overdamped Brownian particles trapped in harmonic potentials, which provides an excellent rep-
resentation of a colloidal particle trapped in optical tweezers. These protocols minimize the average
work required to drive the particle between two states in finite time under a time-dependent
harmonic potential.

Recent experiments have demonstrated finite-time equilibration shortcuts, variationally opti-
mized transfers, and optimal-transport protocols in trapped Brownian systems [39,40]. The present
work addresses a more specific and fundamental benchmark: a direct experimental implementation
of the exact minimum-work finite-time Schmiedl-Seifert compression protocol for the overdamped
harmonic trap [19]. We do this by comparing the analytical optimum with linear (suboptimal)
driving over a wide range of protocol durations and compression amplitudes, and we show that
the optimized protocol reduces both dissipated work and work fluctuations under realistic optical-
tweezers constraints.

The remainder of this article is structured as follows. In Sec. II, we briefly review the basic
notions of stochastic thermodynamics and present the optimal protocol studied. In Sec. III, we
introduce our experimental setup. The results are presented in Sec. IV. Finally, in Sec. V, we
summarize our conclusions and discuss perspectives for future research.

II. STOCHASTIC THERMODYNAMICS AND OPTIMAL PROTOCOLS

A Brownian particle immersed in a thermal bath at temperature 7 and trapped in a one-
dimensional harmonic potential U (x, k) = %/cxz, with trap stiffness «, has its stochastic trajectory
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described by the overdamped Langevin equation [41]:

dU (x, k)
dx

where y = 6mna is the friction coefficient, with n being the medium viscosity and a the particle
radius. The term JFy, is a stochastic force encompassing the thermal fluctuations and is represented
as Gaussian white noise, satisfying (Fy (7)) = 0 and (Fy,(¢)Fn(t)) = 2ykgT8(t — t'), where kg is
the Boltzmann constant.

In the compressing protocol, the trapping potential is parametrically changed from a less con-
fining state at equilibrium to a more confining configuration over a time interval 7p. The protocol
is therefore defined by a time-dependent control parameter {A(¢), ¢ € [0, 7p]}, with A(0) = X; and
A(tp) = Ay > A;, corresponding to the stiffness of the trap, i.e., A = k.

Such a process is accompanied by energetic exchanges with the thermal bath. Moreover, the
stochastic work performed along a single trajectory can be directly computed from the particle’s
position using the framework introduced by Sekimoto [8] as

+ Fin = —kx + Fun, (D

yx =
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Analogously, given an ensemble of realizations of the same protocol, the average work reads
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For instance, in the limit of a very short protocol, tp — 0, the particle does not have time to adjust
its position, and the work is determined by the instantaneous change of the trap stiffness:

_ kT (Ar
W)epmo = 2 ()»i 1). (4)

Conversely, in the limit of an infinitely slow protocol, Tp — 00, the process approaches a quasistatic
evolution, and the average work converges to

[ Ai
<W>rp—>oo = AF = Ff —F= _kBT1n )\_» (5)
f

where F;;y = —kpT InZ;;; is the Helmholtz free energy and Z; s is the corresponding partition
function.

For the single-parameter protocols considered here, a finite duration 7p generally leads to
dissipation. Importantly, the magnitude of this excess work depends on how the control parameter
A(t) is varied in time.

One simple and widely used way to vary the control parameter is to change the trap stiffness
linearly in time, as shown in Fig. 1 (black dashed line),

A(t):)»,-—}-%t, with AL = Ar — A, (6)
P
In this case, the time derivative is constant, dA/dt = A)/1p, allowing a straightforward estimation
of the average work using Eq. (3) and the time-dependent variance (x*(t)), obtained directly from
the Langevin equation [42] .

However, while simple, this protocol is not the most efficient in terms of minimizing dissipation.
In general, each system admits its own optimal driving strategy, and identifying such protocols
can be a nontrivial task. For the case of a harmonically trapped Brownian particle undergoing
compression in the overdamped limit, Schmiedl and Seifert [19] showed that the optimal finite-time
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FIG. 1. Linear (black dashed line) and optimal (solid lines) protocols obtained for different modulation
amplitudes, AA, and protocol times, p.

protocol, A*(¢), is given by [43]
i — 3y +a3)
(1+c51)?

A
() = (7

where
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and minimal average work is
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Figure 1 displays representative optimal protocols for the transformation A; — Ay at different
parameters (solid lines). Notice that the optimal protocol requires discontinuities in the control of A
att = 0 and t = tp, which are a common feature of minimum-dissipation protocols [13,23].

In this scenario, we experimentally explore and compare optimal and suboptimal (linear) pro-
tocols by varying the protocol duration, 7p, and the modulation amplitude, AL = Ay — A;. By
controlling these parameters, we can systematically tune how far the process is driven out of
equilibrium and investigate the associated energetic exchanges.

To this end, we employ a system that allows trapping and tracking particles in a harmonic
potential with high temporal resolution and fast modulation control, enabling the implementation of
the sharp end-point changes shown in Fig. 1.

III. EXPERIMENTAL SETUP

A sketch of the experimental apparatus used in this work is shown in Fig. 2, and more details can
be found in Refs. [37,44].

In the trapping system, a Gaussian infrared laser beam (1064 nm) is focused through a 63x
(NA = 1.32) immersion objective, creating a three-dimensional harmonic potential that traps single
2 um silica beads suspended in purified water at room temperature (7 &~ 293 K). The beam is
expanded using a telescope to fill the entrance pupil of the objective to maximize trapping efficiency.

To perform the compressing protocols, it is necessary to control the trap stiffness of the potential,
which is proportional to the beam intensity. For that, two perpendicular acousto-optic deflectors are
driven by an arbitrary waveform generator whose signal is first amplified by a homemade linear
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FIG. 2. Experimental setup. Schematic of the optical-tweezers apparatus used in this work. An infrared
laser (1064 nm) creates the optical trap, whose power is modulated by acousto-optic deflectors (AODs) and

monitored by a photodetector (PD). The particle position is measured using a quadrant photodiode (QPD) with
a collinearly aligned probing beam (785 nm). All labeled components are described in Sec. I11.

amplifier. By adjusting the amplitude of the radio-frequency signal driving one of the AODs, the
intensity of the first-order diffracted beam can be precisely controlled. It is worth noting that the
bandwidth of the arbitrary waveform generator sets the ultimate limit for the modulation speed;
discontinuities in the signal amplitude introduce a time delay of approximately 100 us. A portion
of the infrared light is diverted and focused onto a photodetector using lens L2 to monitor the laser
intensity.

The particles in the sample are located and monitored using bright-field imaging with a digital
camera. However, for high-speed position detection, which is essential for resolving the particle’s
dynamics at short timescales, we employ a forward-scattering interferometric technique. For that,
we use a collimated 785 nm probe laser, aligned collinearly with the trapping beam. The resulting
interference pattern between the scattered and transmitted light is collected by an NA = 0.53
condenser lens and directed onto a homemade quadrant photodiode, allowing us to measure the
three-dimensional motion of the particle at a sampling frequency of f; = 100 kHz. A lens (L1) is
used to focus the beam on the sensitive area of the QPD.

Control of the AODs, as well as acquisition of the PD and QPD signals, is performed using
a high-speed multifunction data acquisition board. Mirrors and dichroic filters (D1, D2, and D3)
direct the beams along the desired optical paths, while an interferometric filter (F1) prevents the
trapping light from reaching the QPD, and a high-pass filter (F2) blocks the detection beam at the
PD entrance.

IV. PROTOCOLS’ APPLICATION AND RESULTS

The driving protocols are implemented by dynamically controlling the laser intensity while
simultaneously recording the particle trajectory and the PD output signal, Vpp. Monitoring Vpp is
essential to synchronize the effective change in trap stiffness, which is affected by the finite response
time of the optical modulation, with the measured particle dynamics.

In all theory-experiment comparisons below, the control parameter A(¢) is taken directly from
the experimentally realized stiffness protocol, reconstructed from the photodetector reading, rather
than from the nominal waveform sent to the AODs. This distinction is particularly important for
the shortest protocols, for which the finite modulation bandwidth smooths the end-point jumps
prescribed by the (ideal) analytical solution.
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FIG. 3. Compressing protocols. Time evolutions of the trap stiffness (top) and position probability distri-
bution (bottom) for a linear protocol with AA = 10A; and p = 0.17¢. The number of trajectories is N = 10*,
and the number of bins in each histogram is 100.

To ensure equilibrium initial conditions, the particle is allowed to thermalize in the potential at
Ai = 1.5pN/um for a time 7q ~ 20 ms, longer than 7z = y /A; = 12 ms, the relaxation time. After
this first equilibration step, the protocol is applied, following either a linear modulation of the trap
stiffness or the optimal protocol curves discussed in Sec. II. At the end of the protocol, the system is
allowed to equilibrate again with the thermal bath for a period longer than the relaxation time while
kept in the final state, corresponding to A ;. Note that right after finishing the protocol, the system is
generally not in equilibrium, and the particle continues to exchange energy until full thermalization.
The entire cycle is then repeated N = 10* times to build the ensemble statistics.

Figure 3 illustrates the data recorded for a linear compression protocol for a set of 10* trajectories.
It presents the time evolution of the trap stiffness (top) and the resulting position probability
distribution (bottom). The latter was obtained by constructing instantaneous histograms from the
ensemble of positions at each time. Initially, the particle has a larger width of the distribution since
itis trapped in a less confining state. After applying the protocol, the width is narrowed, constraining
the particle’s motion around the center of the trap, x = 0.

From the values of the particle’s trajectory, x; [45], and the finite difference of the trap stiffness,
Aj+1 — Aj [46], it is possible to compute the discrete work along the trajectory [Eq. (2)] [47]:

1 n—1 2 A 1 n—1
_ JHL T A o )2
W= A }jZO: g = 2 j}zo(xﬁl 35, (10)

Figure 4 shows the time evolution of the cumulative work during the execution of a linear (left) and
an optimal (right) protocol, for ten individual trajectories. In both cases, the work evolves differently
in time for each realization, reflecting the intrinsically stochastic nature of the particle dynamics.
Moreover, according to Eq. (10), the work is accumulated exclusively during the application of the
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FIG. 4. Time evolution of the cumulative work. Results for ten realizations of linear (left) and optimal
(right) protocols. For both cases, AL = 10A; and 7p = 0.17,.

protocol. After r > tp, the trap stiffness is kept constant, and no further work is performed, whereas
heat and internal energy can still evolve during the relaxation process.

For the optimal protocol, the smoother accumulation observed reflects the finite control band-
width discussed above. Since we use the experimentally implemented stiffness, the finite-time
response effect is already included in the analysis.

Computing the cumulative work in each cycle, W(tp), we examine the resulting probability
distributions across the ensemble of N = 10* trajectories, as shown in Fig. 5. Here, we explore
both linear and optimal protocols with varying protocol times and fixed modulation amplitude,
AX = 104,

Clearly, the distributions of linear and optimal protocols are distinct, particularly in the tails, with
the average value of the optimal case being consistently lower than that of the linear. Nevertheless,
the mean work for both protocols converges to AF for longer protocol times, as expected from the
Clausius inequality, with equality reached in the quasistatic limit. The width of the distributions
also decreases with increasing protocol duration, ideally approaching a delta function centered at
W = AF in the quasistatic limit. Although the mean work is always greater than the free-energy
difference, a considerable number of events show lower work. This clearly does not violate the
second law of thermodynamics, as it is based on averages rather than individual events.

To quantify this behavior more systematically, Figure 6 presents the statistical results for both
types of protocols, showing the mean and variance, 0‘%, = (W — (W))?), of work across a wide
range of protocol durations [48].

For all cases, we consistently observe that both the average work and the variance for the
optimal protocols are lower than those of the linear ones. Nevertheless, the difference between
the two protocols is expected to vanish for very short or very long protocol durations. When the
process is performed very quickly, the average work converges to that of a step process [Eq. (4)].
Conversely, for very long tp, the work approaches the free-energy difference, AF [Eq. (5)], for both
protocols. This indicates that the largest benefits of optimal driving are expected at intermediate,
short-but-finite durations, before reaching the step limit. Furthermore, the average work shows
excellent agreement with the theoretical prediction. For the work variance, as also seen in Fig. 5, it
decreases and approaches zero for long protocol durations, as expected.

Beyond the reduction of the mean dissipated work, the visible differences in the distribution tails
suggest that, in our system, optimal driving also suppresses rare, highly dissipative events, a feature
relevant to the full characterization of nonequilibrium work statistics. This is clearly visible in Fig. 5
as a systematic depletion of the large-W tail for the optimal protocol. The broader interpretation of
this simultaneous reduction of mean work, variance, and high-work events is discussed in Sec. V.

Figure 7 presents the experimental results for a fixed protocol duration, tp = 0.145t¢, while
varying the modulation amplitude. As the amplitude increases, the system is driven further from
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FIG. 5. Work probability distributions for AX = 10); and different protocol times: tp = 0.17¢ (top),
7p = 0.451, (middle), and tp = 27 (bottom). Data were obtained from N = 10* trajectories for linear pro-
tocols (blue) and optimal ones (orange). The black dashed line represents the free-energy difference, and the
colored dashed lines indicate the work average values. The number of bins is 100.

equilibrium, and both the mean work and variance grow. The optimal protocol consistently exhibits
lower values than the linear one, and the difference becomes increasingly significant for larger
A, showing that the benefit of optimized driving increases as the system is driven farther from
equilibrium within the investigated parameter range.

V. DISCUSSION

Using an optical-tweezers platform, we have implemented and benchmarked the finite-time
minimum-work compression protocol analytically derived by Schmiedl and Seifert for an over-
damped Brownian particle in a harmonic trap [19]. By comparing it directly with suboptimal
linear driving across a broad range of durations and amplitudes, we provide a direct experimental
validation of an exact analytical minimum-work solution in stochastic thermodynamics and reveal
additional features of its work statistics.

Across the investigated parameter range, the optimal protocol consistently yields lower mean
work and work variance than linear driving, with the largest differences occurring at short-but-finite
durations (tp < 1, i.e., before the instantaneous step limit) and larger compression amplitudes.

A key experimental insight of this work is the robustness of the protocol’s advantage under
realistic instrumental constraints. Although the ideal protocol prescribes discontinuous jumps in
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FIG. 6. Work statistics for varying protocol durations. Curves for average work (top) and work variance
(bottom), for an ensemble of 10* trajectories with fixed AA = 10A;. Experimental results for linear (blue) and
optimal (orange) protocols are represented by dots and theoretical curves as dashed lines. The free-energy
difference is represented by a black dashed line.

trap stiffness at the end points, our implementation is limited by the finite modulation bandwidth
of the arbitrary waveform generator. Even with the smoothing of these jumps, the reduction in
thermodynamic cost remains clearly observable. This shows that the advantage is experimentally
accessible despite the finite response time of the present implementation, a feature potentially
relevant to other bandwidth-limited control platforms.

The reduction in work fluctuations also has practical implications. Broad and non-Gaussian
work distributions can affect the finite-sample properties of nonequilibrium free-energy estimators
[10,15,16]. In the range investigated here, the minimum-mean-work protocol reduces both the work
variance and the high-work tail relative to linear driving, even under bandwidth-limited actuation.
Although these quantities were not introduced as separate optimization objectives, this result is
consistent with the growing interest in higher moments as relevant control targets in strongly fluc-
tuating systems [13]. In the slow, near-equilibrium Gaussian regime discussed in Sec. I, reductions
in dissipation and variance are directly related. Outside this regime, however, minimizing the mean
work does not generally imply minimizing the variance or higher cumulants. We therefore interpret
the simultaneous improvement as a noteworthy experimental property of the harmonic-compression
setting studied here, while its broader validity remains an open theoretical question.

In contrast to shortcut-to-isothermality protocols, whose goal is to enforce equilibration through
auxiliary control, and to optimal-transport experiments relying on arbitrary potential shaping,
here the control acts through a single physical parameter—the trap stiffness—allowing a direct
comparison between measurement and the analytical solution in Ref. [19].

In summary, this study establishes a reference point for investigating more complex control
strategies. While we focused on single-parameter harmonic control, the precision of the current
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FIG. 7. Work statistics for varying modulation amplitudes. Curves for average work (top) and work
variance (bottom), for an ensemble of 10* trajectories with fixed 7p = 0.1457; and modulation amplitude
from AL = 1A; to 10 A;. Experimental results for linear (blue) and optimal (orange) protocols are represented
by dots and theoretical curves as dashed lines. The free-energy difference is represented by a black dashed line.

setup opens the way for future explorations of multiparameter driving, active matter systems, and
nontrivial potentials where analytical solutions are unavailable [11,12,23-25,27].
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APPENDIX: CHARACTERIZATION OF THE OPTICAL POTENTIAL

In this work, we use the power spectrum density (PSD) analysis [50] to determine the trap
stiffness of the potential, x, and the amplification factor, S, responsible for converting the QPD
output, xgpp, from volts to meters by using x = xgpp/S.

The basic procedure is to trap one particle in the static potential and track its position (in volts),
xqpp, j» at a fixed sampling frequency f; = 100 kHz for a total time 7; = 30 s.

The PSD is computed directly from the measured trajectories using a fast Fourier trans-
form within Welch’s method [51]. The number of points used for the fast Fourier transform is
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FIG. 8. Power spectrum density analysis corresponding to three different laser powers, from the lowest
(green) to the highest (blue) stiffness, where (k1 > «, > k3). Inset: Calibration curves for trap stiffness (left)
and amplification factor (right). Linear fits are represented as black solid lines.

Nepr = 8% 10°, and the number of points to overlap between segments is 0.9Ngpr. For each power
level, ten independent measurements were performed, and the final PSD corresponds to the average
of these measurements.

The PSD is given by [41,50]

S’D/r?
2+r

where D = kgT/y is the diffusion coefficient, S is the amplification factor, and f, = k(2 y )" is
the corner frequency, which depends on the trap stiffness and the particle friction coefficient.

Figure 8 shows the curves obtained for three different trapping beam powers and their respective
fits using Eq. (A1). It is important to note that precise control of the beam intensity is achieved
through prior calibration of the AOD response. More details can be found in Refs. [37,44].

The inset of Fig. 8 presents the trap stiffness (left) and amplification factor (right) obtained from
the PSD fits. As expected, the trap stiffness is linearly dependent on the laser intensity (proportional
to the mean PD output voltage, (Vpp)). However, although the amplification factor should remain
constant in an ideal system, it also varies. This happens because the change in the trapping laser’s
intensity shifts the equilibrium position along the z axis, influencing the sensitivity of the QPD and,
consequently, the amplification factor. In this way, linear fits, shown in Fig. 8, are used to estimate
the trap stiffness and the amplification factor for a given laser power, characterized by the mean
photodetector output voltage, (Vpp).

More specifically, to determine the amplification factor used throughout the compression proto-
cols, we consider the average PD output signal measured during the equilibrium period in the initial
state. This approach is adopted because modeling the time evolution of the particle trajectory along
the z axis during the protocol is challenging. In general, for short protocol times and modulation
amplitudes, the particle is expected to move less in the z axis, such that it remains closer to the
initial position, and this calibration provides a good approximation. However, the change is more
considerable for longer protocols and larger changes in the trap stiffness.

To assess the impact of axial (z-axis) shifts on our work measurements, we recalculated the
work values using the amplification factor obtained from the average PD output signal measured in
the final equilibrium state as a limiting case. This provides a conservative estimate of the largest
calibration-induced deviation. For the largest change in trap power (AA = 10};), the deviation
relative to the results presented in this work is approximately 20%. This estimate should therefore
be interpreted as a conservative consistency check for the worst-case scenario, rather than a true

P(f) = (AL)
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uncertainty. Moreover, since the same calibration procedure is consistently applied to both optimal
and linear protocols, the relative comparison between them remains essentially unchanged, thereby
preserving the main conclusions of this work.
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