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We investigate magnetotransport in a time-reversal symmetry-broken, untilted Weyl
semimetal in the simultaneous presence of momentum-space Berry curvature and
skyrmion-induced emergent magnetic fields Bepe,. Using a semiclassical Boltzmann ap-
proach incorporating Berry-curvature corrections and intervalley scattering, we analyze
the longitudinal magnetoconductivity and planar Hall conductivity in this mixed-topology
regime. In the absence of B, increasing intervalley scattering drives a strong sign
reversal of the longitudinal magnetoconductivity. A finite By, introduces an additional
shift of the parabolic magnetic-field dependence, leading to a weak sign-reversal regime
without altering the curvature. The coexistence of these effects naturally produces a
strong-and-weak sign-reversal regime, demonstrating that intervalley scattering and real-
space topology control distinct geometric features of the response. The emergent field
further induces asymmetry in the angular dependence of both longitudinal and planar Hall
conductivities. We show that a finite planar Hall response can arise solely from B, when
its direction is varied, providing a transport signature of real-space topology. Our results
establish that the skyrmion-induced emergent field acts as an independent topological
tuning parameter, revealing measurable consequences of the interplay between real- and
momentum-space Berry curvature in Weyl systems.

DOI: 10.1103/15sf-rdsh

I. INTRODUCTION

Topological semimetals realized in kagome-lattice materials provide a natural platform in which
distinct forms of topology can coexist and mutually influence electronic transport [1-4]. In Weyl
semimetals (WSMs), momentum k-space topology arises from isolated band-touching points (Weyl
nodes) that act as monopoles of Berry curvature €%, with chirality y = %1 [5,6]. The associated
Berry curvature profoundly modifies semiclassical transport, generating anomalous velocity contri-
butions and phase-space corrections that underlie phenomena such as the anomalous Hall effect and
the chiral anomaly [7-12]. These effects are now well established in Weyl systems [13-18].

Kagome-lattice materials, however, offer an additional ingredient: nontrivial real-space spin
textures. Owing to geometrical frustration, strong spin-orbit coupling, and magnetic ordering
tendencies, kagome systems can host complex magnetic configurations including noncoplanar
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spin states and skyrmion textures [19-21]. When the electronic spins adiabatically follow such a
smoothly varying magnetization texture n(r), they acquire a real-space Berry phase that manifests
as an emergent magnetic field Beper = %n - (0yn x dym) &, where @ is the unit vector pointing in
the direction of the field. B.yer acts on the charge carriers analogously to an external magnetic field
B [16]. This mechanism is responsible for the topological Hall effect in chiral magnets and has been
widely discussed in systems with noncoplanar spin order [16,22-24].

In a kagome WSM hosting both Weyl nodes and a nontrivial magnetic texture, electrons therefore
experience two distinct topological fields: the Berry curvature in momentum space and the emergent
magnetic field in real space [1-4]. Within the semiclassical Boltzmann framework, the equa-
tions of motion depend only on the total magnetic field By, = B 4+ Bemer- As a result, the modified
phase-space factor that controls the dynamics of the electrons becomes D* = (1 + 7By - Slﬁ )~
[7,25]. This expression explicitly contains the cross term Bepe - Sll’i which encodes the interplay
between real-space and momentum-space topology. Importantly, the intrinsic Berry curvature of
the Weyl nodes remains unchanged; rather, it is the emergent field that modifies the effective
magnetic environment in which the Weyl quasiparticles propagate. Consequently, magnetotransport
in such systems carries signatures of a mixed real-momentum topological response. In particular,
longitudinal magnetoconductivity (LMC) and planar Hall conductance (PHC) acquire corrections
controlled by Beyer, allowing magnetic texture effects to directly influence anomaly-driven trans-
port. Kagome Weyl materials therefore provide an experimentally relevant setting in which this
real-momentum topological mixing can be probed through standard magnetotransport measure-
ments. A central conceptual advance of this work is the identification of a mixed-topological
magnetotransport mechanism arising from the interplay between real-space and momentum-space
topology. While previous studies have focused on strain-induced axial fields that are introduced
as chirality-dependent gauge fields by construction [10,18,26-29], here the chirality dependence
of the transport response emerges dynamically from the coupling between the real-space emergent
field and the intrinsic Berry curvature of Weyl fermions.

Although the emergent magnetic field By, enters the semiclassical equations of motion in
a form analogous to an external magnetic field, its physical origin is fundamentally different. In
particular, B¢y, is generated by the scalar spin chirality associated with the underlying real-space
magnetic texture and is therefore directly tied to the skyrmion density and chirality. Consequently,
transport responses arising from By, are expected to correlate with the creation, annihilation, or
chirality reversal of skyrmion textures, unlike ordinary external magnetic-field-induced responses.
Furthermore, in our framework, although Bep, is identical for both Weyl nodes, its projection onto
the Berry curvature Bepe, - €5 automatically acquires opposite signs for opposite chiralities due to
@y o x [25]. The resulting transport corrections, therefore, mimic axial-field-like magnetotransport
without invoking any explicit chiral gauge field. This demonstrates that axial-type longitudinal
and planar Hall responses can arise purely from the coexistence of momentum-space monopoles
and real-space skyrmion topology. Our results thus establish a direct bridge between two distinct
topological structures: the Weyl monopole in momentum space and the skyrmion winding number
in real space. The magnetotransport response can be interpreted as a mixed-topological coupling
proportional to the product of these two topological charges, providing a unified description of
anomalylike transport phenomena driven by magnetic texture topology.

In the present work, the interplay between real-space and momentum-space topology is in-
vestigated within the semiclassical transport regime, where the dominant effect of the magnetic
texture is captured through the emergent magnetic field Bepne,. We note that the appearance of
additive or multiplicative transport contributions does not necessarily imply the absence of interplay
between the two topological structures. Indeed, recent phase-space Berry-curvature formulations
treating real-space and momentum-space coordinates on equal footing have shown that the leading
transport responses can remain effectively separable, while genuine mixed phase-space curvature
corrections appear only at higher order [17,23,30]. The present work, therefore, focuses on the
leading semiclassical transport consequences of the coexistence of real-space magnetic topology
and momentum-space Berry curvature in Weyl semimetals.
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The semiclassical Boltzmann framework employed in the present work builds upon earlier trans-
port formalisms developed for magnetic-field-driven transport in topological systems [25,26,31-42].
In this work, our focus is the investigation of Weyl-semimetal magnetotransport in the simultaneous
presence of external and texture-induced emergent magnetic fields generated by topologically
nontrivial magnetic textures. Specifically, we analyze how emergent electrodynamics associated
with real-space magnetic topology modifies Berry-curvature- and chiral-anomaly-driven transport
responses within the beyond-relaxation time approximation (RTA) framework.

The remainder of the paper is organized as follows. In Sec. II, we introduce the minimal
model of a time-reversal symmetry-broken WSM, and Sec. III outlines the semiclassical Boltzmann
formalism incorporating Berry-curvature corrections and the emergent magnetic field arising from
real-space topology. In Sec. IV, we classify different regimes of sign reversal and present detailed
results for the LMC and PHC in the presence of mixed real- and momentum-space topology. Finally,
in Sec. V, we summarize our main findings and discuss their physical implications.

II. LOW-ENERGY MODEL FOR MIXED REAL- AND MOMENTUM-SPACE TOPOLOGY

To investigate transport arising from the interplay of momentum-space and real-space topology,
we begin with the minimal low-energy Hamiltonian describing quasiparticles near a pair of Weyl
nodes. In the absence of magnetic texture, the effective Hamiltonian reads [6,43—45]

HYoy(K) = xfivek - o, (1)

where x = %1 denotes the chirality (topological charge) of the Weyl node, vy is the Fermi velocity,
and o represents the Pauli matrices acting in pseudospin space. The wave vector k is measured from
the Weyl node. For clarity and to isolate the essential mixed-topological contribution, we restrict our
analysis to a single pair of Weyl cones, noting that additional pairs modify only the total response
quantitatively [25,35]. Diagonalization of Eq. (1) yields the linear dispersion

ex = thvglk|. @)

The orbital magnetic moment (OMM), arising from the self-rotation of the Bloch wave packet, plays
an important role in the semiclassical dynamics. It is given by [15]

m) = —%Im(VkuX ()| [ex — Ao (K] Vi ()

= —yevrk/2k2, 3)

where u* (k) is the Bloch wave packet in the WSM. The coupling of the OMM to a total mag-
netic field By, modifies the band dispersion according to e]f =€k — ml)(‘ - Byt Consequently, the
constant-energy contour at the Fermi energy e is obtained as [25,33,46]

€F + \/6% — nxeveBio Bog
k= , 4

n

where n = 2hvg. By using 6 and ¢ as polar and azimuthal angles of the Bloch eigenvectors,
respectively (see below), the geometric factor By is given by

Bogp = sin 6 cos ¢(cos y =+ €OS Yemer) + COS B(SiN Y + SN Yemer), (®)]

where the direction of the magnetic fields is assumed in the xz plane, measured with respect to the X
axis, i.e., B = B(cos y, 0, sin ) and Beper = Bemer (COS Yemer» 0, SIN Yemer ). The nontrivial topology
of the Weyl node is encoded in its Bloch eigenvectors,

)" = [e7 cos(0/2), sin(6/2)], (6)

™) = [—e ™ sin(0/2), cos(6/2)], (7)
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which generate a singular Berry curvature in momentum space,

k

R = iVic x (W' (K)|Vi|u* (k) = X5

®)

acting as a monopole of Berry flux located at the Weyl node [7,15]. This momentum-space Berry
curvature underlies anomalous transport responses such as the anomalous Hall effect and chiral-
anomaly-induced magnetotransport [25,32-36,39,46-63].

When the WSM hosts a slowly varying magnetic texture n(r), such as a skyrmion lattice,
electrons traversing the texture acquire an additional real-space Berry phase. In the adiabatic regime
where the magnetic texture varies on a length scale much larger than the electronic wavelength,
the effect of the texture can be captured through an emergent magnetic field [16,64], Bemer =
%n - (0yn x dym) &, which is directly proportional to the skyrmion density. Unlike the external
magnetic field, Bener originates purely from real-space topology and exists even in the absence
of applied fields. In systems where Weyl band topology coexists with skyrmion textures, as realized
in magnetic kagome materials and related chiral magnets [1-4], charge carriers therefore experience
two independent sources of Berry curvature: (1) momentum-space Berry curvature ) associated
with Weyl nodes and (2) Real-space Berry curvature encoded in Bepe,. Within the semiclassical
description, both fields enter the equations of motion through the modified phase-space factor

e —1
D' =1+ Z(B+Banr) - 2| - ©)

The crucial new ingredient is the mixed scalar product Beper - Sllf, which vanishes unless both real-
space and momentum-space topology are simultaneously present. This term modifies the density of
states and transport coefficients, giving rise to additional contributions to LMC and PHC that are
absent in ordinary metals and in systems hosting only one type of topology. Thus, the effective low-
energy model of Eq. (1), supplemented by the emergent field Bey,;, provides the minimal theoretical
framework required to describe mixed real-momentum space topological transport.

We assume that the length scale of the skyrmion textures is much smaller than the length
of the system, so that the charge carrier experiences an average, uniform Bepe.. This leads to
the momentum-dependent but position-independent phase-space factor Dy. The magnitude of
the emergent magnetic field generated by a skyrmion texture is determined by the skyrmion
density through Bepmer = ngx ®o, where @9 = h/e is the flux quantum. For typical skyrmion sizes
of ~50-100 nm observed in chiral magnets, the corresponding emergent magnetic field lies in the
range 1072—1 T. Therefore, the parameter range Bemer = 0-0.25 T used in our calculations falls well
within experimentally realistic values [65].

III. MAXWELL BOLTZMANN TRANSPORT FORMALISM FOR ELECTRON
TRANSPORT IN SKYRMION

Using the quasiclassical Boltzmann transport theory, we study transport in WSMs in the limit
of weak electric and magnetic fields. Since the quasiclassical Boltzmann theory is valid when the
chemical potential 1 is away from the nodal point such that 1% > fivg?e|Byy|, we assume that p lies
in the conduction band without loss of generality. The phenomenological Boltzmann equation for
the nonequilibrium distribution function f;¥ can be expressed as [31,51,66-69]

d . :
(54’1')( 'Vr+kX 'Vk>flg( :Icoll[flg], (10)

where the collision term Z.,) incorporates impurity scattering. In the presence of an external mag-
netic field B, a real-space emergent magnetic field Bener, and an electric field E, the semiclassical
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equations of motion become [7,14,15,31,70]

i =D v + %E x QL+ %(vlf 2B .

. e e
k' = —D{[E+v{ x B+ - (E - Bo)® |. (11)

where v; is the band velocity calculated using €. The present study primarily focuses on the
transport contributions arising from the chiral anomaly, while the conventional Lorentz-force
contribution is neglected. More specifically, the Lorentz-force contribution enters the Boltzmann
equation through the terms o [(Vﬁ X Biot) - Vi g’li], which produces corrections proportional to the
cyclotron parameter w,.t [71-74]:

eB eviB
wT=—T= T, (12)
m (S

where 7 denotes the relevant transport relaxation time. In the weak-field metallic regime .7 < 1,
these contributions generate higher-order angular distortions of the distribution function that re-
main subleading compared to the anomaly-induced contribution  (E - Btot)ﬂl)((- Consequently, the
dominant field-dependent contribution to the magnetotransport considered in the present work
originates from the chiral anomaly terms. Similar approximations have been employed exten-
sively in previous studies of anomaly-driven magnetotransport within the semiclassical regime
[25,31,47,48,55,59,69,74-81].
The collision integral includes both intranode and internode scattering [31,35,71,72,82]:

coll fk ZZWk)ﬁ()’( fk/ - ) (13)
with scattering rate calculated using Fermi’s golden rule [71,72,82,83],

/ 27 n; ’ ’ /

W& = Z- 1 RDIURE 1w (0) P8 (e — e), (14)
where n; is the concentration of impurities, V is the volume of the system, and Ulfk)f, is the
profile of the scattering potential. Assuming nonmagnetic pointlike impurities with momentum-
independent and chirality-dependent amplitudes, i.e., Ulfk)f =UXX', we can express the square
of the matrix elements as GXX = |(uX (k/)|Ulka luX (K))|? = |UXX |PV2[1 4 x x/(cos B cos @ +
sin @ sin 6’ cos ¢ cos ¢’ + sin 6 sin 6’ sin ¢ sin ¢')]. Here, it is worth highlighting that, in our formal-
ism, the relative strength of the intra- and internode scattering channels can be tuned using the
parameter defined as

Uxx

Uxx
For the weak-field regime considered here, we can expand the nonequilibrium distribution function
as fiX = fo+ g}, with the Fermi distribution function fy and first-order field-induced deviation
g = e(—2H)E Ay [53,61,84-86]. Here, Ay is an unknown function to be evaluated. Fixing

eyt

E = EZ, the component of AX along E would be relevant and one can write gk =e(— af“ )E Ak 2

o =

(x # X)- (15)

where A]’i represents the z component of unknown function (ansatz) [53,61,84,85]. For the sake of

complexicity, we will drop the irrelevant index, z, in A{ . ket
Keeping terms linear in E, the Boltzmann equation becomes [31,33,71,72,85,87]

Dl)(( |:vl)((z " e(B sin Yy + l;emer sin Vemer) (Slﬁ . Vl)(())] — Z Z Wk)i(/’x (Al)i’, _ Aﬁ) (16)
XK
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Here, we define the band scattering rate as

_ Z / d’k’ 'DX WXX’ 17)
(9 %) @y (D) Wl (
Using Eq. (17), we can write Eq. (16) as
X M / dSk/ X xxX' Ax ol 4t
OO0+ G5 Z oy (PK) WAL @, 8. (18)

Here, Iy (0, ¢) = D [v}, + W(ﬂﬁ - vl and is evaluated at the Fermi energy. In
the low-temperature limit, for a constant Fermi energy surface, Eq. (17) and the right-hand side of
Eq. (18) are reduced to integration over 6’ and ¢/,

SlIl
LS VAN § 624
(e $) Z // v -

=V Z m / O, $HG X A Jtldo'dg), (19)
-

9d9d¢g”( )

where ITX%" = n; /472K* and f* (0, ¢) = \(Xk 1)(X sin® (DY)~ © (6, ¢). Using ansatzA X = (d* —

hlf + a* cos 0 + bX sin 6 cos ¢ + c* sin 6 sin @) rlf (0, ¢), Eq. (19) can be written in the following
form:

d* + a* cos 0 + b* sin 6 cos ¢ + ¢* sin 6 sin ¢
=) / f' )G do'dg!
v

x (dX’ - hl’((,/ +a* cos®’ + b" sin@’ cos P’ + X sinf’ sin ?'). (20)

When the aforementioned equation is explicitly stated, it appears as seven simultaneous independent
equations that must be solved for eight variables. The conservation of particle numbers provides an

additional restriction:
DD g =0. 21)
X k

For eight unknown variables (d L gF pEL o, Egs. (20) and (21) are simultaneously solved with

Eq. (19). Due to the intricate structure of the equations, all two-dimensional integrals with respect
to 6’ and ¢’ are carried out numerically and the solution of simultaneous equations is obtained.
Once the distribution function f;* is evaluated, the current density can be evaluated as

J= oY i (22)
x.k

The generalized velocity Iy can be written as ¥ = v} 4 v{, where v and v{ correspond to the
velocities without and with the electric field, respectively. The explicit expressions are

D, h DY
vl = <eh")<vk QB + vk) Vi = (eT“)(E x Q). 23)
Now, from Eq. (22), the generalized current response is given by
J=—e> (VfE+vIfL+viel) (24)
k
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FIG. 1. A schematic illustration of the characteristic regimes of magnetoconductivity o;; in WSMs in the
presence of both external magnetic field B and emergent field Ben,. The figure highlights weak sign reversal
(shifted parabola), strong sign reversal (curvature inversion), and the coexisting strong-and-weak sign-reversal
regime, in contrast to the conventional quadratic-in-B response. In the present mixed-topology setting, these
regimes arise from the interplay between intervalley scattering and the real-space Berry-curvature contribution
encoded in By, [26,46,88].

In the next sections, we evaluate LMC, o, and PHC, o,;, defined as J, = o,E and J, = o\;E,
respectively. Unless otherwise stated, we use the following parameter values: Fermi velocity vg =
10° m/s and Fermi energy eg = 0.05¢V.

IV. RESULTS AND DISCUSSIONS

Before presenting the detailed numerical results, we first clarify the classification of different
types of sign reversal of LMC in the present mixed-topology setting. The sign of LMC in WSMs has
been extensively investigated in earlier works [31,33,75]. In an untilted WSM, the chiral anomaly
typically produces a positive LMC under weak intervalley scattering; however, when intervalley
scattering becomes sufficiently strong, the LMC undergoes a sign reversal. This mechanism origi-
nates from the competition between anomaly-driven charge pumping and relaxation processes. In
the present work, an additional ingredient enters the problem to enrich the dynamics of the electrons:
the emergent magnetic field By, Which represents the coarse-grained real-space Berry curvature
generated by a skyrmion texture. Although B, enters the semiclassical equations of motion in the
same manner as an external magnetic field B through By = B + Beper, its role is fundamentally
distinct. Bemer encodes real-space topology and couples to the Weyl-node Berry curvature 2 via
the modified phase-space factor D*.

To characterize these behaviors systematically, we adopt the general quadratic fitting form of the
magnetoconductivity tensor [26]

0ij(B) =0\ + (B — By)’0,?, (25)
which provides a unified framework to describe (1) conventional quadratic-in-B magnetoconduc-
tivity, (2) shifted parabolic behavior, and (3) complete inversion of the curvature, as schematically
illustrated in Fig. 1. Within this parametrization, we define the following three regimes. Weak sign
reversal is characterized by (1) By # 0, (2) 0(0) # 0;j(B =0), and (3) sign (a( )) > (. In this case,
the vertex of the parabola in o;;(B) shifts away from the origin, and o;;(B) exh1b1ts opposite signs
for either small positive or negative magnetic fields. Importantly, the overall curvature remains
positive. In the present context, such behavior can arise from the additional real-space topological
contribution induced by a finite Bemer, Which effectively shifts the balance between anomaly-driven
enhancement and scatterlng -induced suppression. Strong sign reversal, on the other hand, corre-
sponds to sign (a 2y < 0, with By = 0, indicating a complete inversion of the parabolic curvature.
This regime is typlcally driven by strong intervalley scattering, which overwhelms the anomaly
contribution and reverses the overall magnetic-field response. Finally, when both a curvature
inversion [sign (ai(jz)) < 0] and a finite shift (By # 0) occur simultaneously, the system exhibits a
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FIG. 2. Normalized LMC for a minimal model of a time-reversal symmetry-broken, untilted WSM in the
presence of an emergent magnetic field By, arising from real-space topology. The angle of By and an
external magnetic field B is set to be Yemer = ¥ = /2. In all the panels, « varies from 0.20 to 1.50 along the
red arrow. (a) Beyer = 0 T and changing B. At . >~ 0.80, the anomaly-driven sign change of LMC occurs [34].
(b) Bemer = 0.25 T and changing B. For @ < o, (@ > «.), weak sign-reversal (strong-and-weak sign-reversal)
behaviors emerge. (c) B = 0 T and changing Be,;. The sign change occurs at «.. (d) B = 0.1 T and changing
Bemer-

strong-and-weak sign-reversal regime. In the mixed-topology scenario considered here, this regime
naturally emerges from the cooperative interplay between momentum-space Berry curvature (Weyl
monopoles) and real-space topology (skyrmion-induced emergent field). We are now in the position
to discuss the magnetoconductivity in the presence of real- and momentum-space topology.

A. LMC in the presence of real- and momentum-space topology
We begin by recovering the well-established behavior of the LMC in the absence of real-space
topology (Bemer = 0). Figure 2(a) shows the normalized LMC defined as
SUZZ(B) _ UZZ(B) - Uzz(o)
0:(0) 0:(0)

(26)

for the angle y = m /2. Increasing the intervalley scattering strength « drives a sign reversal of
the LMC across the critical value «,. For o < o, the anomaly-induced positive LMC dominates,
whereas for o > «, strong intervalley relaxation overwhelms the chiral pumping mechanism and
inverts the curvature of the magnetoconductivity [25,26,31,33-36,46,88,89].

We now incorporate real-space topology through a finite emergent magnetic field Beper With
Yemer = T /2, representing the coarse-grained Berry curvature generated by a skyrmion texture. The
corresponding LMC is shown in Fig. 2(b). Even an infinitesimal Bepe, qualitatively enriches the
magnetic-field dependence of the LMC: The vertex of the parabola shifts away from the origin
while its overall curvature remains unchanged for fixed «. According to the classification discussed
earlier, this behavior corresponds to weak sign reversal. The shift originates from terms linear in
Bemer that arise through the modified phase-space factor Dy’ . Physically, the emergent field modifies
the effective magnetic environment experienced by Weyl quasiparticles without altering the intrinsic
anomaly mechanism.

Importantly, for a fixed value of By, increasing « still leads to inversion of the parabola, i.e.,
a transition to strong sign reversal, as shown in Fig. 2(b). Thus, intervalley scattering controls the
curvature of the LMC, while the emergent field controls the shift of its extremum. The coexistence
of these two effects naturally gives rise to the strong-and-weak sign-reversal regime. To gain further
insight, we plot the normalized LMC for two fixed values of o (one below and one above o)
at different values of Beper in Fig. 3. For @ < o [Fig. 3(a)], increasing Bemer progressively shifts
the parabola, producing weak sign reversal without changing its positive curvature. In contrast, for
a > o, [Fig. 3(b)], the curvature is already inverted; the addition of Bepe introduces an additional
shift, leading to the combined strong-and-weak sign-reversal regime. These results demonstrate that
real-space topology and intervalley scattering affect distinct geometrical features of the LMC curve.
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FIG. 3. Normalized LMC as a function of the external magnetic field B, with y = 7 /2 for a minimal model
of an untilted time-reversal symmetry-broken WSM. (a) Weak sign-reversal regime (o = 0.2 < o2~ 0.80) and
(b) strong-and-weak sign-reversal regime (¢« = 0.90 > «,). The progression from the black to the green curves
(indicated by the red arrow) corresponds to increasing the emergent magnetic field Beper from 0 to 0.25 T, with
Yemer = T / 2.

We next analyze the LMC as a function of By, itself, both in the absence and presence of an
external magnetic field, as shown in Figs. 2(c) and 2(d), respectively. In the absence of an external
field, the LMC as a function of By, exhibits a strong sign reversal, reflecting the dominant role
of the emergent field in controlling the curvature. When an external magnetic field is present, the
interplay between B and B, produces weak or strong-and-weak sign reversal depending on the
value of «. This confirms that B.per acts as an independent topological tuning parameter rather than
merely renormalizing the external magnetic field.

It is important to emphasize that although B.ne: enters the semiclassical equations of motion
through the linear combination B = B + Beper and has the same sign at both Weyl nodes, its
transport effect is not a trivial field renormalization. The key point is that Beper couples to the
momentum-space Berry curvature %, which is opposite for opposite chiralities. Consequently,
the mixed term Bepe - @ generates chirality-dependent corrections to the phase-space factor
and generalized velocity, thereby modifying the anomaly-driven LMC in a genuinely topological
manner. This mixed real- and momentum-space coupling constitutes a central result of the present
work.

Finally, we investigate the angular y dependence of the normalized LMC in the presence of
Bemer at B = 0.5 T, shown in Fig. 4(a). We observe that the emergent field introduces a pronounced
asymmetry in the angular response around y = z. This asymmetry originates from the fact that
Bemer has the same sign at both Weyl nodes and therefore breaks the effective inversion symmetry
of the magnetotransport response. The resulting angular dependence provides an experimentally
accessible signature of the mixed real-space and momentum-space topology. To deepen our un-
derstanding of Beyer in LMC, we have plotted it as a function of yeyer at different values of Beper
in Fig. 4(c) at B = 0. The angular anisotropy is clearly visible in this plot. Although the angular
dependence remains intact for all values of Bemer, the magnitude increases with increasing Bemer and
the positive portion increases more rapidly than negative one. As discussed earlier, due to the same
sign of Beper for both nodes, the Fermi surface distorted along the direction of Beper, and this leads
to an anisotropic response and shows a maximum LMC for By, ||Z.

B. PHC in the presence of real- and momentum-space topology

Having discussed the LMC, we now turn to PHC. The PHC exhibits a characteristic angular
dependence proportional to sin(2y ), where y is the angle of the applied magnetic field measured
from the x axis [47]. In Fig. 4(b), we plot this angular dependence for different values of Bepe;. In the
presence of Beper, the angular profile becomes asymmetric about y = 7. Although the functional
dependence remains similar for y € (7, 27 ), the magnitude is reduced. This asymmetry arises from
the fixed orientation of Ben,, along the z direction.
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FIG. 4. Normalized LMC and PHC for a minimal model of untilted WSM as a function of y and Yeme;-
(a) Normalized LMC at B =0.5T. (b) PHC at B = 0.5 T. (c) Normalized LMC for given Bepe at B=0T.
(d) PHC for given Bey,e, at B =0 T. In panels (a) and (b), from black to green lines, Bepe, is varied from 0 to
0.25 T, with Yemer = 7 /2. In panels (c) and (d), y = /2.

To isolate the role of real-space topology, we first evaluate the PHC in the absence of Beper-
Figure 5(a) shows the planar Hall conductivity o,, for several values of the intervalley scattering
strength «. In this case, the response is governed purely by momentum-space topology. Increasing
o suppresses the magnitude of the PHC; however, unlike the LMC, no sign reversal is observed.
When Bep,r is switched on [Fig. 5(b)], the minima of the PHC parabola shift, but show weak sign
reversal. Fixing o and varying Bene leads to a qualitatively different behavior, shown in Fig. 6(a). In
this case, the presence of real-space topology drives the system into a weak sign-reversal regime. In
Fig. 6(b), we plot the PHC as a function of By, for different values of the external magnetic field.
For B = 0, the PHC seems to vanish, indicating that an emergent field directed along z alone does
not generate a planar Hall response of the same magnitude as the external field does. Increasing the
external magnetic field enhances the magnitude of the PHC within the studied parameter range.

To gain further insight, we consider the PHC in the presence of Bepner alone while varying its
direction within the xz plane, as shown in Fig. 4(d), which shows that the PHC has very less
magnitude, but is still finite. It also confirms that B.pe; can alone give a finite PHC. It is clear that
0z X SiN 2¥emer, Which is intact for all finite values of Beye taken. This has never been explored
before!

E)‘ X 104 Beper= 0T (b) X 104 By = 0257
£ 15 §
2} 10 |
S 5 3
o 0 !
-1 0 I -1 0 1
B(T) B(T)

FIG. 5. PHC as a function of external magnetic field B for a minimal model of an untilted time-reversal
symmetry-broken WSM. (a) The emergent magnetic field Beper = O T. (b) Bemer = 0.25 T. The angle y = 7 /4
and Yemer = /2. In panels (a) and (b), « is changed from 0.20 to 1.5 from the top to bottom lines.
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FIG. 6. PHC for a minimal model of an untilted time-reversal symmetry-broken WSM. (a) PHC as a
function of the external magnetic field B. Along the red arrow, the emergent magnetic field Bepe; changes
from —0.25 to 0.25 T. (b) PHC as a function of Bee;. Along the red arrow, B changes from 0 to 1 T. In both,
Y =7/4, Yemer = 7 /2, and a < .

V. CONCLUSIONS

The present work extends beyond RTA WSM transport theory to the regime where emergent
electrodynamics generated by real-space magnetic textures coexists with momentum-space topolog-
ical transport. We have investigated magnetotransport in a time-reversal symmetry-broken, untilted
WSM in the simultaneous presence of momentum-space Berry curvature and real-space topology
encoded through an emergent magnetic field B¢y Within a semiclassical Boltzmann framework,
we systematically analyzed the LMC and PHC in this mixed-topology setting. In the absence of
real-space topology, we recover the known behavior: The LMC undergoes a strong sign reversal as
intervalley scattering increases beyond a critical value, reflecting the competition between anomaly-
driven charge pumping and relaxation. Upon introducing a finite Bemer, the magnetoconductivity
acquires an additional shift of its parabolic profile, corresponding to a weak sign-reversal regime.
While intervalley scattering controls the curvature of the response, the emergent field controls the
shift of its extremum. Their combined action naturally generates a strong-and-weak sign-reversal
regime, demonstrating that real- and momentum-space topology affect distinct geometrical features
of the magnetoconductivity.

We further showed that the emergent field induces a pronounced asymmetry in the angular
dependence of both longitudinal and planar Hall conductivities. For the planar Hall response,
Bener modifies the magnitude and can drive weak sign-reversal behavior, while preserving the
characteristic sin(2y) dependence. Notably, a finite PHC can arise solely from Bepe, when its
direction is varied, confirming that real-space topology alone can generate a measurable transverse
response. Our results establish that Bey,e; does not merely renormalize the external magnetic field
through By = B + Bener. Instead, through its coupling to momentum-space Berry curvature, it
acts as an independent topological tuning parameter. The interplay between Weyl monopoles
and skyrmion-induced emergent fields provides a direct transport signature of mixed real- and
momentum-space topology. Our results describe the leading semiclassical transport consequences
arising from the coexistence of real-space magnetic topology and momentum-space Berry curvature,
while higher-order mixed phase-space curvature effects remain an interesting direction for future
work [17,23,30]. Our results further suggest that transport signatures correlated with skyrmion
chirality and texture evolution may provide a route to experimentally distinguish emergent-field-
driven responses from conventional magnetic-field effects.

Our results suggest clear experimental signatures that can be probed using angle-dependent
magnetotransport measurements in magnetic Weyl semimetals hosting nontrivial spin textures.
By rotating the external magnetic field within the transport plane, one can measure the LMC
and PHC as functions of both the field magnitude and orientation. The interplay between Berry
curvature in momentum space and the emergent magnetic field generated by real-space topology
is predicted to produce two distinct features: (1) a finite shift of the magnetoconductivity parabola
away from B = 0 and (2) an angular asymmetry of the magnetotransport response about y = 7.

000108-11



AZAZ AHMAD AND TAKAMI TOHYAMA

Since the emergent field is directly related to the density of magnetic textures, these transport
signatures should evolve with the skyrmion density, which can be independently characterized using
magnetic imaging techniques such as Lorentz transmission electron microscopy or magnetic force
microscopy. Observation of these features would provide direct experimental evidence of mixed
real- and momentum-space topology in Weyl systems.
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APPENDIX A: REAL- AND MOMENTUM-SPACE MIXED TERM IN THE CURRENT

We evaluate the current solely from the nonequilibrium correction, which is first order in E:

J= —ezvg o (A1)
x.k
Using vj = DX[vy + §(vi - @%)Byy], the weak-field expansion gives v = Vi + S(vi - QOB —
£(Byot - 2°)vi. In constant relaxation-time approximation, gL’X = —etE - vj{( —%). Keeping only
terms linear in By, We obtain
et d fo
Jcross = 7 Z <_¥) (E : Vﬁ)[(vl)(( : SZX)Bemer - (Bemer - QX )V])((] (A2)
x.k
For longitudinal transport, E = E,Z and Bemer = BemerZ. Then,
ross 63‘[E ,Bemer 8f()
g — XD 57 (BB [ - @) - o ). a3
x.k

Thus, the longitudinal conductivity acquires a term
O_Zczross & B Bemers (A4)

which is linear in Beyer and linear in B (through the standard anomaly correction inside g' when
solved self-consistently). Including the usual anomaly contribution oc B2, the conductivity takes the
general form

JZZ(B) = GZFB) + (1132 + blBBemer’ (AS)

where a; originates from the usual chiral anomaly and b; arises from Eq. (A2). Completing the
square,

2
b12

2
B =09 +a(B+2l8 - 1B (A6)
Oz o,, a gy et g, emer
1 1
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Hence, the extremum shifts to By = —Zb—;]Bemer. For B = B(cos y X + siny Z) and Bemer = BemerZs
the mixed term in Eq. (A2) produces contributions proportional to BBeper sin y. Although this
term is formally invariant under y — y 4+ 7 when the reversal of the magnetic-field direction is
taken into account, the presence of a fixed Beper breaks the effective y — y 4+ m symmetry of the
transport response. As a result, o(y) # o(y + m), leading to an angular asymmetry originating
from the real- and momentum-space cross-coupling. Physically, since Beyer has the same sign at
both Weyl nodes while 2% changes sign with chirality, the mixed contribution remains chirality

dependent and breaks the effective inversion symmetry of the angular magnetotransport response.

APPENDIX B: PHASE-SPACE BERRY CURVATURE ANALYSIS OF MIXED
REAL- AND MOMENTUM-SPACE TOPOLOGY

In this Appendix, we study the topologies by formulating the problem within the full phase-
space Berry curvature within the full phase-space Berry-curvature framework. We show that the
leading-order magnetotransport response is additive in the external magnetic field B and the
skyrmion-induced emergent magnetic field Bepe:, While the genuine mixed phase-space Berry-
curvature contribution is parametrically suppressed in the semiclassical regime.

For a Bloch electron moving in a slowly varying magnetic texture, the natural semiclassical
coordinates are £§* = (7y, 1y, 1z, ky, ky, k;), and the dynamics is governed by the full phase-space
Berry-curvature tensor

er Qrk
Qup = . B1
P <ri Qkk) ®D

Here, Q4 denotes the momentum-space Berry curvature associated with the Weyl node, Q;cjk =

€Q f (k), with X (k) = —x 2—123, where x = =1 labels the chirality. The real-space Berry curvature
generated by a slowly varying skyrmion texture is

QJ = 2h- (9,0 x 9,,h), (B2)

i

which may be written in terms of the emergent magnetic field: Bemer; = . %e[ J,Q’,’, Finally, the

mixed phase-space Berry curvature is
ij _ 143 3 3
Q) =1d-(9,d x 9,,d), (B3)
where d(r, k) denotes the vector entering the local two-band Hamiltonian. For a slowly varying
magnetic texture, momentum-space and real-space derivatives scale as dy ~ ;1 and 9, ~ L1,
where kr is the Fermi wave vector and L; is the characteristic skyrmion length scale. Equation (B3)
therefore implies

1

Qpp ~ —. B4
oL (B4)

The semiclassical regime requires k;l > L, and hence
Qr L 1. (BS)

Equation (B5) establishes that the mixed phase-space Berry curvature is parametrically small com-
pared with the leading real-space and momentum-space Berry curvature contributions. A detailed
analysis of the different regimes can be found in the literature [17,23,30].

Phase-space measure. The invariant phase-space volume element is dV = D(&)d>r d*k, with
D(&) = +/det Q. Expanding to the leading order in Berry curvatures gives

D(E)=1+ %B (95 4+ %Bemer - QF + Tr[Q, ] + O(Q). (B6)
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The first correction arises from the ordinary magnetic field, the second from the real-space Berry
curvature through the emergent field, and the third represents the genuine mixed phase-space
contribution. Using Eq. (B4), the latter scales as Tr[$2,] ~ #L;’ and is therefore subleading in
the semiclassical limit.

Conductivity. The longitudinal conductivity can be written schematically as

oy~ [1aKIDE U, ®7)
where A ; denotes the solution of the Boltzmann equation. Substituting Eq. (B6) into Eq. (B7) yields

oij =0 + o + o™ 48517+ (BS)

. (B) X (emer) X (kr) . (kr)y __
with 0 & B.-Q .0} X Bemer - 2%, and 80ij x Q. Using Eq. (B4), one finds BGij =
(’)(kFLL), which is parametrically smaller than the leading contributions. Therefore, to leading order,

0 B
0 = Ui(j) + oi(j' ) + O,i(jemer) (B9)

and the conductivity is additive in the external and emergent magnetic fields.

Application to anomaly-induced longitudinal magnetoconductivity. For a Weyl semimetal, the
anomaly-induced conductivity depends on the total effective magnetic field By, = B + Beper. The
leading longitudinal conductivity therefore, takes the form

0z = 00 + C(B + Bemer)’, (B10)
where C is determined by the band structure and intervalley scattering. Expanding Eq. (B10) gives

0., = 09+ CB*> +2CB - Beyer + CB? (B11)

emer *

The cross term proportional to B - By, arises solely from the square of the total effective magnetic
field and survives even when €2, = 0. Consequently, the term proportional to B - By, does not
represent a genuine mixed phase-space Berry-curvature effect. The true mixed contribution is

instead contained in 50,-(;"), which is suppressed by the small parameter (krLs)~'. We therefore

conclude that within the semiclassical regime k;l & L, the leading magnetotransport response is
governed by the additive contributions of momentum-space topology and real-space topology, while
genuine mixed phase-space Berry-curvature effects enter only as higher-order corrections.
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